Conversion of mechanical vibration energy into electric energy could provide reliable and efficient energy utilization. Both the harvested resonant power and the energy efficiency have been studied based on a single degree of freedom weak electromechanical coupling piezoelectric vibration energy harvester and normalized in a dimensionless form. Performance optimizations have been conducted for the energy harvester connected with different interface circuits in terms of normalized harvested resonant power and resonant energy harvesting efficiency to identify both qualitatively and quantitatively the best energy extraction and storage interface circuit. Both the dimensionless harvested resonant power and the resonant energy harvesting efficiency formulae have been normalized to contain only two normalized variables of resistance and force factor regardless of the size and excitation magnitude of the energy harvesters.
Abstract
Conversion of mechanical vibration energy into electric energy could provide reliable and efficient energy utilization. Both the harvested resonant power and the energy efficiency have been studied based on a single degree of freedom weak electromechanical coupling piezoelectric vibration energy harvester and normalized in a dimensionless form. Performance optimizations have been conducted for the energy harvester connected with different interface circuits in terms of normalized harvested resonant power and resonant energy harvesting efficiency to identify both qualitatively and quantitatively the best energy extraction and storage interface circuit. Both the dimensionless harvested resonant power and the resonant energy harvesting efficiency formulae have been normalized to contain only two normalized variables of resistance and force factor regardless of the size and excitation magnitude of the energy harvesters.
(Some figures may appear in colour only in the online journal) Nomenclature A the piezoelectric material insert disc surface area C the short circuit mechanical damping of the single degree of freedom system C 0 blocking capacity of the piezoelectric material insert e 2.718 281 828 e 33 the piezoelectric constant F the excitation force |F| the amplitude of the excitation force f n the natural frequency i the square root of −1 I the current in the circuit K the short circuit stiffness of the single degree of freedom (SDOF) system L the thickness of the piezoelectric material insert disc M the oscillator mass of the single degree of freedom system P h the harvested resonant power (RMS) P in the input power (RMS) P C the mechanical damping dissipation power (RMS)
the dimensionless harvested resonant power (RMS)
the maximum dimensionless harvested resonant power (RMS) Q i the quality factor R the sum of the external load resistance and the piezoelectrical material insert resistance R N the normalized resistance s the Laplace variable T the period of the excitation force signal V the output RMS voltage of the SDOF system V M the output voltage amplitude of the SDOF system V 0 the rectifier voltage amplitude V m the piezoelectric voltage amplitude after the inversion process |V| the amplitude of the output voltage y the base excitation displacemenṫ y the base excitation velocitÿ y the base excitation acceleration Y M the base excitation displacement amplitude z the relative displacement of the mass with respect to the basė z the relative velocity of the mass with respect to the basë z the relative acceleration of the mass with respect to the base |z| the amplitude of the relative displacement Z M the relative displacement amplitude of the mass with respect to the base α the force factor of the piezoelectric material insert α N the normalized force factor η the resonant energy harvesting efficiency η max the maximum resonant energy harvesting efficiency ω the excitation frequency π 3.141 5928 ϕ the delay phase angle of the response displacement to the excitation force 
Introduction
Harvesting power from the environment is an attractive alternative to battery-operated systems, especially for longterm, low-power and self-sustaining electronic systems. In addition to the energy generation apparatus, interface circuits are indispensable elements in these energy harvesting systems to control and regulate the flows of energy. Previously, various different electric energy extraction and storage interface circuits have been studied to enhance the power outputs of energy harvesters, as listed in table 1, including optimized power outputs [4, 5, 7-11, 14-18, 25, 29-31, 33-37, 39-41, 45, 46, 49-51] , dimensionless and normalized power studies [1, 10, 19, 35-37, 41, 45] , energy efficiency investigations [10, 37] , single load resistor interface circuits [1, 4, 7, 8, 26, 31, 32, 39, 51] , standard interface circuits [3, 5, 6, 9-13, 15-24, 27, 28, 33, 35-37, 40, 42-50] , synchronous electric charge extraction (SECE) interface circuits [2, 10, 11, 16-18, 28, 40, 44, 50] , series or parallel 'synchronous switch harvesting on inductor' (SSHI) circuits [1-3, 6, 9-11, 16, 18-23, 28, 31, 35, 44, 47, 49] , and comparisons of the interface circuits [3, 9-11, 16-23, 28, 35, 38, 40, 44, 47, 49, 50] . Most of these research papers have discussed optimizations of harvested [19, 20] , Wu et al [50] power with the standard interface circuits, while issues in energy harvesting efficiency and dimensionless analyses have only been addressed in limited works. In these aforementioned works, none have simultaneously normalized and optimized both 'harvested resonant power' and 'energy harvesting efficiency'. Furthermore, none have used the normalized resistance and normalized force factor in their analyses for optimized harvested resonant power and energy harvesting efficiency. Previously, most reports have focused on optimized power generation related only to electrical components. This work adds the mechanical components in the analysis by using the force factor as an optimization element, as both electrical and mechanical components are critically related to the harvested resonant power and efficiency. Since the normalized energy harvesting efficiency provides important design guidelines for vibration-based energy harvesting systems, dimensionless analyses and optimizations are the focuses of this work.
SDOF piezoelectric vibration energy harvesters connected to a single load resistor
For an SDOF (single degree of freedom) piezoelectric vibration energy harvester as shown in figure 1 , the governing equation of the mechanical system is given by
where the masses of the spring and the dashpot are assumed to be much less than the main oscillator mass and are ignored; y is the excitation displacement; M is the oscillator mass; C is the mechanical damping coefficient; K is the open circuit stiffness of the mechanical system; z is the relative displacement of the mass with respect to the base; α is the force factor. The governing equation of the electrical system is given by
where V is the voltage; I is the current; and C 0 is the blocking capacitance of the piezoelectric insert. According to Guyomar et al [17] , the force factor α and the blocking capacitance of the piezoelectric insert C 0 are respectively defined as
where e 33 and ε S 33 are the piezoelectric constant and permittivity, respectively, and A, L are the surface area and thickness of the piezoelectric component, respectively. From equation (2) , it is derived that
where R is the total electrical resistance of the piezoelectric insert and external load. If the SDOF piezoelectric harvester connected to a single load resistor is under the excitation of a sinusoidal signal, y = Y M e st , the output voltage and relative oscillating displacement are assumed to be harmonic and are given by
Substituting equation (5) into (4) gives
This is, in fact, a Laplace transfer of equation (4) . The transfer function between the input acceleration and the output voltage is then derived as
Substitution of equations (5) and (6) into (1) gives
This is a Laplace transfer of equation (1) . The transfer function between the input acceleration and the relative oscillating displacement is given by
Let s = iω,
At resonance, ω ≈ (K/M) 0.5 , which is the short circuit resonance. There are two resonances for the system since the piezoelectric structure exhibits both short circuit and open circuit stiffness, which were illustrated in [36] . If the circuit is switched on or open, the stiffness and damping would become slightly larger, which would lead to the open circuit resonance at the slightly larger frequency,
From equation (6) , the modulus of the output voltage is then given by
Substituting equation (9) into (10) gives
The ratio of the root mean squared (RMS) harvested resonant power over the 'input acceleration' to the power of two is given by
In order to normalize the electric resistance and force factor, the normalized resistance and force factor are defined as
From equation (13), the squared normalized force factor
CC 0 ω is equivalent to one half of the electromechanical coupling factor (defined by k 2 e = 2 KC in equation (36) in [36] ) divided by the mechanical damping ratio α 2 N = k 2 e 2ξ . Equation (11) can be written as
The dimensionless root mean squared (RMS) harvested resonant power is obtained from equation (12) and normalized from equation (13) as
where
C is the reference power, F is the inertia force or input excitation force. The dimensionless harvested power used here,
, is actually equal to 2ξ
that was used by Shu and Lien [36] . For the SDOF piezoelectric harvester shown in figure 1 , the root mean squared input power is given by
In order to simplify the expression of the input power, it is assumed that at the resonance, ω ≈ (K/M) 0.5 . Considering s = iω and substituting equation (7) into (16), the dimensionless input power at the resonance can be derived as
Substituting equation (13) into (17) gives the normalized dimensionless resonant input power as
The energy harvesting efficiency is calculated from equations (15) and (18) and normalized as
Given specific values of the normalized electrical resistance and force factor, the dimensionless harvested resonant power and energy harvesting efficiency of the harvesters can be predicted. The concepts of the dimensionless resonant input power and energy harvesting efficiency expressed in equations (18) and (19) have not been explored in the published literature before. The above analysis is based on the approximation assumption of the short circuit resonance. In order to make more accurate predictions, a similar analysis can be conducted under the assumption of the open circuit resonance following section 4 in [35, 36] .
The dimensionless energy harvesting efficiency is plotted in figure 2 for the normalized electric load resistance and normalized force factor changing from 0 to 10. It is seen from figure 2 that there is no local efficiency peak with respect to the normalized resistance, R N , or force factor, α N . It can be seen that when the normalized force factor becomes larger and the normalized resistance is kept non-zero constant, the efficiency goes higher and gets close to 100%. Physically, the normalized force factor as defined in equation (13) is affected by various parameters. For example, a small damping coefficient will result in a large normalized force factor and higher energy efficiency. On the other hand, when the normalized electric load resistance becomes larger, while the normalized force factor is kept finite non-zero constant, the efficiency gets smaller and goes to zero eventually. This is because when the normalized electric load resistance becomes very large, while the normalized force factor is kept constant, the dimensionless harvested power as shown in equation (15) becomes very small, while the dimensionless input resonant power of equation (18) becomes 1/(1 + α 4 N ). When either the normalized resistance becomes very small while the normalized force factor is kept constant, or the normalized force factor becomes very small while the normalized resistance is kept constant, the efficiency goes to zero eventually. There is a special case of R N α 2 N = constant where when the normalized resistance tends to zero or the normalized force factor tends to a very large value, the efficiency tends to a fixed constant value. In a specific example of the electrical circuit under RC resonance with R N = 1 and α N = 1, it is found that η = 33.3% and
In other words, the energy efficiency of the piezoelectric harvester is 33.3% under unity of both the normalized resistance and the force factor and the dimensionless harvested resonant power is 0.1.
The dimensionless harvested resonant power of the energy harvester can be calculated using equation (15) when both the normalized electric load resistance and the normalized force factor are changed from 0 to 10, as plotted in figure 3 . It is seen from equation (15) and figure 3 that when either the normalized resistance becomes very large while the normalized force factor is kept constant or/and when the normalized force factor becomes very large while the normalized resistance is kept constant, the dimensionless harvested resonant power goes to zero. When either the normalized resistance becomes very small while the normalized force factor is kept constant or/and when the normalized force factor becomes very small while the normalized resistance is kept constant, the dimensionless harvested resonant power goes to zero. There is a special case of R N α 2 N = constant where when the normalized resistance tends to zero or the normalized force tends to a very large value, the dimensionless harvested resonant power tends to a fixed constant value.
In order to find the peak value of the dimensionless harvested resonant power with respect to the normalized resistance, its partial differential with respect to the normalized resistance must be equal to zero, which gives
This leads to
Similarly, in order to find the peak value of the dimensionless harvested resonant power with respect to the normalized force factor, its partial differential with respect to the normalized force factor must be equal to zero, which gives
It is observed from equation (20) that P h max / |Mÿ| 2 C is a monotonically increasing function with respect to α 2 N . Furthermore, the limit of the peak harvested resonant power, P hmax , is 0.125
On the other hand, it is observed from equation (21) 
is a monotonically decreasing function with respect to the normalized resistance, R N , and the peak harvested resonant power, P hmax , is 0.125
under very small R N . In the process of identifying the peak dimensionless harvested resonant power with respect to the normalized force factor in equation (21) , when R N is very small and equation (21) is substituted into equation (19) , the corresponding energy harvesting efficiency is 100%. Physically, this means that the peak harvested resonant power can be obtained if R N is very small. Graphically, a local ridge peak of the dimensionless harvested resonant power is observed in figure 3 under specific values of α N or R N . However, there is not a single set of α N and R N which simultaneously satisfies both equations (20) and (21) . 
Dimensionless analysis of piezoelectric vibration energy harvesters connected with energy extraction and storage circuits
Four types of energy extraction and storage circuits are commonly adopted for energy harvesting devices in the literature: the standard energy extraction and storage interface circuit in figure 4(a), the synchronous electric charge extraction (SECE) circuit in figure 4(b), the parallel synchronous switch harvesting on inductor (parallel SSHI) circuit in figure 4(c) and the series synchronous switch harvesting on inductor (series SSHI) circuit in figure 4(d) [10] . The standard energy extraction and storage interface circuit is the most frequently used interface circuit in vibration energy harvesting devices.
For the SDOF piezoelectric harvester as shown in figure 1 , the displacement, output voltage, dimensionless resonant power and resonant energy harvesting efficiency for the four interface circuits are derived based on [11, 17] . The derivation details are given in the appendix and the results are listed in table 2.
In typical conditions where the normalized resistance and normalized force factor are equal to unity, the resonant energy harvesting efficiencies of the piezoelectric harvesters with the SECE, series SSHI, parallel SSHI and standard interface circuits are 50%, 29%, 29% and 13%, and the dimensionless harvested resonant power values are 0.125, 0.103, 0.102 and 0.057, respectively. On the other hand, on replacing the electrical interface circuits by a single load resistor, the resonant energy harvesting efficiency is 33% (from equation (19) and α N = R N = 1) and the dimensionless harvested resonant power is 0.10. Clearly, in the case of weak electromechanical coupling, the SECE setup gives the highest efficiency and harvested resonant power and the standard interface setup gives the lowest efficiency and harvested resonant power. It should be noted that the harvested power using the SSHI technique is better than that based on the standard interface in the case when α 2 N is small (for example α 2 N = 1). The same conclusion can be drawn from figure 12 in [16] where SECE is better than other interfaces only in the case of weak electromechanical coupling, or a small α 2 N . It is seen from table 2 and equations (15) and (19) that for a piezoelectric harvester, the resonant energy harvesting efficiency and dimensionless harvested resonant power depend on the system resonant frequency, mechanical damping, load resistance, force factor and blocking capacitance of the piezoelectric insert. The normalized resistance and force factor as defined in equation (13) are chosen to reflect all these parameters in this work for the system optimization analysis. Table 2 lists all important formulae for the dimensionless harvested resonant power and energy harvesting efficiency. Figure 5 plots the efficiency versus the normalized resistance and normalized force factor for the four types of interface circuits. For the cases of standard and series/parallel SHHI interface circuits, it is observed that the normalized force factor dominates the efficiency, as the resonant energy harvesting efficiency gets close to 100% or 0% under large or small normalized force factor, respectively. For the SECE circuit, when the normalized resistance is kept non-zero constant, the normalized force factor dominates the efficiency, as the resonant energy harvesting efficiency gets close to 100% or 0% under large or small normalized force factor, respectively. This is because, from the last column of table 2, 
the energy harvesting efficiency is a monotonically increasing function with respect to α 2 N . Figure 6 plots the dimensionless harvested resonant power versus the normalized resistance and normalized force factor for the four types of interface circuits. It is observed from figure 6 that when the normalized force factor becomes either very large or very small, while the normalized resistance is kept non-zero constant, the dimensionless harvested power for the four interface circuits goes close to zero. On the other hand, it is observed that when the normalized resistance becomes small, while the normalized force factor is kept non-zero constant, the dimensionless harvested power goes to close to zero. There is a special case in which R N α 2 N = constant, where when the normalized resistance becomes very large or very small, or when the normalized force factor becomes either very large or very small, the dimensionless harvested power tends to a fixed constant value. This has been illustrated in equation (49) of [36] . The dimensionless harvested resonant power and energy harvesting efficiency can be obtained from the formulae in the last and second last columns of table 2. Physically, when the piezoelectric insert is removed, α N = 0, the harvested resonant power is zero. When the normalized force factor becomes very large, the dimensionless harvested resonant power becomes small and goes to zero. This is because a small mechanical damping results in a large normalized force factor according to equation (13) . However, a small mechanical damping would make C . It is further observed from figures 5 and 6 that it is impossible to obtain a peak harvested resonant power and peak energy harvesting efficiency at a unique pair of the optimal normalized resistance and force factor. However, given range limits of the normalized resistance and force factor, the dimensionless harvested resonant power or the resonant energy harvesting efficiency may reach its maximum under the range limits of the normalized resistance and force factor. Table 3 lists the peak energy harvesting efficiency and peak harvested resonant power with respect to the optimized normalized resistance. The peak dimensionless harvesting efficiency and peak harvested resonant power are obtained from ∂η/∂R N = 0 and ∂[P h / |Mÿ| 2 C ]/∂R N = 0 where η and P h can be calculated from the last and second last columns in table 2. The peak dimensionless harvested resonant power and peak resonant energy harvesting efficiency are listed in the third and fifth columns of table 3. It is found that there exists no optimized normalized resistance for a peak energy harvesting efficiency in the cases of SECE and series SSHI circuits. This is because the energy harvesting efficiency is a monotonically increasing function with respect to the normalized resistance for the series SSHI circuit and a monotonically decreasing function with respect to the normalized resistance for the SECE circuit. On the other hand, for either the SECE or series SSHI circuit, the peak dimensionless harvested resonant power is calculated as 0.125. For the parallel SSHI and standard interface circuits, the peak dimensionless harvested resonant power is also calculated as 0.125. In other words, for all four types of extraction circuit, the limit of the peak harvested resonant power, P hmax , is 0.125
C . This conclusion is consistent with previous work [10, 11, 16, 17, 50] . For the harvester connected to a single load resistor, it is seen from equation (20) that the peak harvested resonant power P hmax is also 0.125 |Mÿ| 2 C . Therefore, it is concluded that the peak harvested resonant power is 0.125
in all five external interface circuits analysed in this work. This implies that the peak harvested resonant power depends on the excitation force magnitude (Mÿ) and the mechanical losses (C) in the structure instead of other parameters. Table 4 lists the peak energy harvesting efficiency and peak harvested resonant power with respect to the optimized normalized force factor. The peak dimensionless harvested resonant power and peak resonant energy harvesting efficiency are obtained from ∂[P h / |Mÿ| 2 C ]/∂α N = 0 and ∂η/∂α N = 0 where η and P h can be calculated from the last and second last columns in table 2. The peak dimensionless harvested resonant power and its corresponding resonant energy harvesting efficiency are listed in the second last and last columns of table 4. It is seen from table 4 that the peak dimensionless harvested resonant power is 0.125 and the corresponding resonant energy harvesting efficiency is 50% for all four interface circuits under different normalized force factors. For the harvester connected to a single load resistor under different normalized force factors, it is seen from equation (21) that the limit of harvested resonant power P hmax is 0.125
and the corresponding energy harvesting efficiency for the single load resistor is 100% instead of 50%. The difference could be the result of the bridge rectification in the four types of energy extraction and storage interface circuits. Furthermore, it is observed that the optimized normalized force factor for the cases of the SECE, series SSHI and parallel SSHI interface circuits is much less than that for the case of the standard interface circuit. This implies that nonlinear SECE and SSHI techniques could require less piezoelectric material than the standard interface technique; similar results have been obtained in previous works [11, 17] .
Case study
The developed dimensionless analyses are applied to an experimental case study previously published in [9] , where an SDOF piezoelectric harvester was the demonstration example. Table 5 lists the key parameters of the energy harvester where a slightly different resonant frequency of 275 Hz (instead of 277.4 Hz) and load resistance of 30 669. 6 (instead of 30 k ) are used in this work.
Figures 7(a) and (b) are the output voltage and output power from different interface circuits versus variable input acceleration, respectively, with all other parameters kept at constant values as listed in table 5. In general, for a particular value of resistance-not the optimal resistance-the output voltage is linearly proportional to the input acceleration in all cases. The discrete square dots in figure 7 represent the measured harvested power for a standard interface circuit [9] . Systems with SECE interface circuits produced the highest voltage and power; systems with single load resistors (solid line-SL) had the second largest voltage and power. Next are the series and parallel SSHI circuits as they generated about the same voltage and power, while the standard interface circuit (dashed line-stand in) had the smallest voltage and power. Since the simple load resistor interface circuit does not have power losses due to inductance, it has higher voltage and power outputs as compared with those systems with standard, series SSHI and parallel SSHI interface circuits.
Figures 8(a) and (b) illustrate the output voltage and harvested resonant power versus the mechanical damping of the piezoelectric harvester with an excitation at 9.8 m s −2 and all other parameters kept at constant values as listed in table 5. As expected, for a particular value of resistance-not the optimal resistance-both outputs decrease as the mechanical damping increases. Harvesters with SECE circuits (dotted line-SECE) have the highest outputs, the single load resistor (solid line-SL) setup has the next highest outputs; both the series SSHI and parallel SSHI circuits are next, and the standard interface circuit (dashed line-stand in) has the smallest outputs. The high outputs from the SECE interface circuit could be the result of the nonlinear amplification circuit. The connection of electrical circuits to the SDOF piezoelectric harvester equivalently adds resistive-shunt damping to the system which could bring down both the output voltage and harvested power. As such, harvesters with a single load resistor have larger outputs than those with series/parallel SSHI and standard interface circuits as the simple load resistor does not introduce inductance power loss. figure 9(a) , the output voltage increases as the resistance increases. On the other hand, the resonant power can be optimized based on a specific load resistance and the magnitude is related to electrical impedance matching of the piezoelectric material insert and the interface circuit. Figure 10 plots the harvested resonant power versus the force factor under an excitation acceleration of 9.8 m s −2 with all other constants fixed as listed in table 5. As the force factor increases, for a particular value of resistance-not the optimal resistance-the harvested power increases initially and reaches an optimal value before decreasing. It is observed that the right force factor would produce maximal harvested resonant power. According to equation (3), the optimal force factor could be achieved by choosing the right piezoelectric material and size. The peak harvested resonant power depends on multiple parameters, including resonant frequency, mechanical damping, load resistance and the blocking capacity of the piezoelectric material insert. Specifically, the peak values of the harvested resonant power for the standard, SECE, parallel and series SSHI interface circuits are all at 5.555 mW while the value for a single load resistor is 4.60 mW. Since the reference power, M 2 |ÿ| 2 /C, is calculated as 44.4 mW, the dimensionless harvested resonant power is then calculated to be 0.125 for the standard, SECE, parallel and series SSHI interface circuits and 0.103 for the single load resistor circuit. These results coincide with those in section 3 and in table 4. Substituting the parameters in table 5 into equations (15) and (19) and the formulae in the fourth and fifth columns of table 2, the dimensionless harvested resonant power and energy harvesting efficiency can be calculated. The normalized resistance and force factor are calculated from the parameters listed in table 5 as R N = 1 and α N = 0.682. Furthermore, the SECE circuit provides the best resonant energy harvesting efficiency at 32% and the standard interface provides the worst efficiency at 7%. The single load resistor circuit provides the resonant energy harvesting efficiency at 19% and both the series and parallel SSHI circuits have the same efficiency at 16%. In order to further improve the efficiency, the mechanical damping should be reduced.
Conclusions
An SDOF piezoelectric vibration energy harvester connected to a single load resistor and four types of electrical energy extraction and storage circuits has been studied and investigated based on dimensionless analysis in the case of weak electromechanical coupling. The following conclusions have been reached.
(1) By defining a normalized resistance and a normalized force factor, the harvested resonant power and resonant energy harvesting efficiency for the SDOF piezoelectric harvester have been normalized and expressed in a dimensionless form. The dimensionless harvested resonant power and energy harvesting efficiency are found to depend on the harvester resonant frequency, mechanical damping, load resistance, force factor and blocking capacitance of the piezoelectric insert.
(2) There is no unique pair of solutions for the peak dimensionless harvested resonant power and the peak energy harvesting efficiency with respect to a set of optimal normalized resistance and force factor. If the lower and upper limits of the normalized resistance and force factor are given, the dimensionless harvested resonant power and resonant energy harvesting efficiency may have their local maximum values. (3) The harvested resonant power may reach a high value of 0.125
C (one eighth of the squared applied excitation force magnitude divided by the mechanical damping) with a corresponding resonant energy harvesting efficiency of 50% for all four analysed interface circuits and 100% for the case of a single load resistor. This is only valid in the case of weak electromechanical coupling or a small α 2 N . This has been verified by the results in [37] . (4) For the five types of interface circuit under a constant and non-optimal force factor, there exists an optimized normalized resistance for an SDOF piezoelectric harvester to reach the peak dimensionless harvested resonant power. For the cases of the standard and parallel SSHI interface circuits under a constant and non-optimal force factor, there exists an optimized normalized resistance for an SDOF piezoelectric harvester to reach the peak energy harvesting efficiency. For the cases of the SECE and series SSHI interface circuits under a constant and non-optimal force factor, there does not exist an optimized normalized resistance for an SDOF piezoelectric harvester to reach the peak energy harvesting efficiency. For the five types of interface circuit with a constant and non-optimal load resistance, there exists an optimal force factor to reach the peak harvested resonant power. However, there does not exist an optimized force factor to reach the peak energy harvesting efficiency. Excessive or too small amount of piezoelectric material insert or size would decrease the harvested resonant power. (5) When the normalized resistance and the normalized force factor are equal to one, the dimensionless harvested resonant power and energy harvesting efficiency are largest for the harvester connected with an SECE circuit and least for that with the standard interface circuit. As such, in this case, it is recommended that the SECE circuit or SSHI circuits should be used for the piezoelectric harvester instead of the standard interface circuit.
Appendix
All the derivations in this appendix follow those proposed in [11, 17] .
A.1. Standard interface circuit
For the standard energy extraction and storage circuit as shown in figure 4(a) , the voltage V is no longer a pure sine wave, and has a rectified voltage V 0 . (2) with respect to time for a half of the mechanical vibration period (T/2) gives
Considering T = 2π/ω, this gives
and
The system energy equilibrium equation is given by
where P in , P C and P h are the mean input resonant power, mechanical damping dissipation power and harvested resonant power. which gives
The mean input resonant power is given by
is the reference power. Substituting equation (13) into (A.7) gives the dimensionless input resonant power as
Substitution of equation (A.6) into (A.3) gives
.
From equation (13), this gives the dimensionless harvested resonant power as
The efficiency of the standard interface circuit at the resonance frequency is derived from equations (A.8) and (A.9) and is given by
In order to find the peak efficiency, the partial differential of the efficiency with respect to the normalized resistance must be zero, which gives
If the variation ranges of the normalized resistance and force factor are not limited, there are no peak values of the efficiency. When the normalized force factor tends to a very large value, while the normalized resistance is kept constant, the efficiency will be 100%. When the normalized resistance tends to a very large value, or when the normalized force factor tends to zero, while the normalized resistance is kept constant, the efficiency tends to zero. There is a special case of R N α 2 N = constant, where when the normalized force factor tends to a very large value while the normalized resistance tends to a very small value, the efficiency tends to a fixed constant value.
A.2. Synchronous electric charge extraction circuit
For the synchronous electric charge extraction (SECE) circuit as shown in figure 4(b) , the charge extraction phase occurs when the electronic switch S is closed; the electrical energy stored on the blocking capacitor C 0 is then transferred into the inductor L. The extraction instants are triggered on the minima and maxima of the displacement z, synchronously with the mechanical vibration. The inductor L is chosen to get a charge extraction phase duration much shorter than the vibration period. Apart from the extraction phases, the rectifier is blocked and the outgoing current I is null. In this open circuit condition, the mechanical velocity is related to the voltage by
Integration of equation (A.12) with respect to time for the period between t 0 and t 0 + T/2 gives
This gives
The harvested resonant power is given by
From equations (A.4) and (A.15), the system energy equilibrium equation is given by .16) from which the relationship between the excitation force amplitude and the vibration displacement amplitude is derived and given as
(A.17)
The input resonant power is then given by
and the dimensionless input resonant power is given by
is the reference power. Substituting equation (13) into (A.18) gives the normalized dimensionless input resonant power as
(A. 19) From equations (A.15) and (A.17), the dimensionless harvested resonant power is then given by
Substituting equation (13) into (A.20) gives the normalized dimensionless harvested resonant power as
The efficiency of the SECE circuit at the resonance frequency is derived from equations (A.19) and (A.21), and is given by
If the variation ranges of the normalized resistance and force factor are not limited, there are no peak values of the efficiency; however, there exists
When the normalized resistance is equal to zero or the normalized force factor tends to a very large value, the efficiency will be 100%. When the normalized force factor tends to zero, or the normalized resistance tends to a very large value, the efficiency tends to zero.
A.3. Parallel switch harvesting on inductor circuit
For a parallel switch harvesting on inductor (parallel SSHI) circuit as shown in figure 4(c), the inductor L is in series connected with an electronic switch S, and both the inductor and the electronic switch are connected in parallel with the piezoelectric element electrodes and the diode rectifier bridge. A small part of the energy may also be radiated in the mechanical system. The inversion losses are modelled by the electrical quality factor Q i of the electrical oscillator. The relation between Q i and the voltages of the piezoelectric element before and after the inversion process (V M and V 0 , respectively) is given by
The electric charge received by the terminal load equivalent resistor R during a half mechanical period T/2 is calculated by
The second integral on the left-hand side (LHS) of this equation corresponds to the charge stored on the capacitor C 0 before the voltage inversion plus the charge stored on C 0 after the inversion, whose expression is given by
The piezoelectric outgoing current is integrated by
Substitution of equations (A.26) and (A.28) into (A.25) gives
Under a harmonic base excitation, it is assumed that both the displacement and voltage waves are periodic and change from a trough (−Z M and −V M ) to a crest (+Z M and +V M ) from instant t 0 to t 0 + T/2. Equation (A.28) becomes
This leads to the expression of the load voltage V 0 as a function of the displacement amplitude Z M given by
The harvested resonant power is then given by
From equations (A.4) and (A.30), the system energy equilibrium equation is given by
From equation (A.31), the relationship between the vibration displacement amplitude and the excitation force amplitude is established as
From equations (16) and (A.32), the input resonant power is given by
The dimensionless input resonant power is given by
is the reference power. Substitution of equation (13) into (A.34) gives the normalized dimensionless harvested resonant power as
Substituting equation (A.32) into (A.30) gives
The dimensionless harvested resonant power is therefore given by
Substituting equation (13) into (A.37) gives the normalized dimensionless harvested resonant power as
The efficiency of the parallel SSHI circuit at the resonance frequency is derived from equations (A.35) and (A.38), and is given by For variation of the normalized resistance, in order to find the peak efficiency, the partial differential of the efficiency with respect to the normalized resistance must be zero, which gives If the variation ranges of the normalized resistance and force factor are not limited, there is no peak value of the efficiency. When the normalized force factor tends to a very large value, while the normalized resistance is kept constant, the efficiency tends to 100%. When the normalized force factor tends to zero while the normalized resistance is kept constant, or when the normalized resistance tends to zero while the normalized force factor is kept constant, the efficiency tends to zero. When the normalized resistance tends to a very large value, the efficiency tends to zero. There is a special case of R N α 2 N = constant, where when the normalized resistance tends to zero while the normalized force factor tends to a very large value, the efficiency tends to a fixed constant value.
A.4. Series synchronous switch harvesting on inductor circuit
For a series synchronous switch harvesting on inductor (series SSHI) circuit as shown in figure 4(d) , most of the time, the piezoelectric element is in open circuit configuration. Each time the switch is on, a part of the energy stored in the blocking capacitor C 0 is transferred to the capacitor C st through the rectifier bridge. At these instants, the voltage inversions of V occur. The relation of the piezoelectric voltages V M and V m before and after the inversion process, the rectified voltage V 0 and the electrical quality factor Q i is given by When the normalized resistance tends to a very large value while the normalized force factor is kept constant, or when the normalized force factor tends to a very large value while the normalized resistance is kept constant, the efficiency tends to 100%. When the normalized resistance tends to zero while the normalized force factor is kept constant, or when the normalized force factor tends to zero while the normalized resistance is kept constant, the efficiency tends to zero. There is special case of R N α 2 N = constant where when the normalized force factor tends to zero while the resistance tends to a very large value.
